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DEGENERATION OF SL(n)-BUNDLES
ON A REDUCIBLE CURVE
Xiaotao Sun
Introduction
It is a classic idea in algebraic geometry to use degeneration method. In particu-
lar, it achieved successes recently in the studying of moduli spaces of vector bundles
(See [Gi], [GL1], [GL2], [NR] and [S1]). In connection of string theory, it needs also
to study the degeneration of moduli spaces of G-bundles for any reductive algebraic
group G (See [F1],[F2]).
Let X → B be a proper flat family of curves of genus g such that Xb (b 6= 0)
smooth and X0 a semistable curve. It was known that there exists a family
MX (G)0 → B0 = B \ {0}
of moduli spaces of semistable G-bundles. The question becomes that for what
geometric objects on X0 such that the moduli space of them gives a compactification
MX (G) → B of MX (G)0 → B0 = B \ {0}. We can consider G as a subgroup of
some GL(n), and think a semistable G-bundle as a semistable vector bundle of rank
n with some additional conditions. Thus we may think (not strictly) the moduli
space of semistable G-bundles as a subscheme of the moduli space of semistable
vector bundles of rank n. On the other hand, there is a natural choice of geometric
objects, the torsion free sheaves, on X0. The moduli space of semistable torsion
free sheaves gives a natural degeneration of moduli spaces of semistable vector
bundles on Xb when b goes to 0. Then a possible approach to the problem is
finding the correct torsion free G-sheaves on X0. However, the problem remains
almost complete open except for special groups like G = GL(n), Sp(n) and O(n)
(See the introduction of [F1]). G. Faltings studied the cases that G = Sp(n) and
O(n) but left the case G = SL(n) open (See [F2]). In this paper, we will treat the
case G = SL(n) when X0 has two smooth irreducible components intersecting at
one node x0.
Let UX → B be the family of moduli spaces of semistable torsion free sheaves and
SU0X → B0 be the family of moduli spaces of semistable vector bundles with fixed
determinant L. Let f : SUX → B be the Zariski closure of SU0X ⊂ UX in UX . Then
the problem becomes to give a moduli interpretation of f−1(0). Namely, to define a
suitable moduli functor SU ♮X0 such that f−1(0) universally corepresents SU
♮
X0
. It is
obvious that the above question can also be asked for moduli of bundles on higher
dimensional variety. In the study of moduli spaces of bundles on surfaces (See [GL1]
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and [GL2]), Gieseker and Li have noted that the closed points [F ] ∈ f−1(0) satisfy
the condition
(∗) det(F|X0\{x0}) = L|X0\{x0}.
In general, it may not be true that a semistable sheaf F satisfying condition (∗) has
to be a point of f−1(0). For example, when X0 is irreducible, the set of semistable
sheaves satisfying the condition (∗) will have bigger dimension than f−1(0). How-
ever, in our case when X0 has two smooth irreducible components intersecting at
one node, the points of f−1(0) are precisely the semistable sheaves satisfying con-
dition (∗) (See Lemma 2.2). In fact, we defined a moduli functor SU ♮X0 , which is
represented by a closed subscheme SUX0 ⊂ UX0 of the moduli space of semistable
torsion free sheaves on X0 (See Theorem 1.6). Moreover, we proved that SUX0 is
a reduced, seminormal variety whose closed points are precisely the s-equivalent
classes of semistable sheaves on X0 satisfying (∗). These was done in Section 1 (See
Theorem 1.6). In Section 2, we showed that the above moduli problem has good
specialzation (See [NS] for the notation), and the degeneration of moduli spaces of
semistable SL(n)-bundles is SUX0 when b goes to 0.
The paper comes from a conversation with Jun Li, who told me the condition (∗)
in his joint works with Gieseker. The emails with D.S. Nagaraj and C.S. Seshadri
concerning Proposition (4.1) of [NS] were helpful for the observation of Lemma 1.4.
I thank them very much.
§1 Moduli space of semistable sheaves with fixed determinant
Let X be a projective curve of genus g with two smooth irreducible components
X1 and X2 of genus g1 and g2, which intersect at a node x0 of X . Let X
0 =
X r {x0} and OX(1) be a fixed ample line bundle on X . Fix integers r > 0, d and
χ = d+ r(1− g).
For any sheaf E on X , P (E, n) = χ(E(n)) := dimH0(E(n)) − dimH1(E(n)) is
called Hilbert polynomial of E. If E is a torsion free sheaf on X , and let ri denote
the rank of restriction of E to Xi (i = 1, 2). The rank of E is defined to be
rk(E) :=
1
deg(OX(1)) · limn→∞
P (E, n)
n
.
Let ci = deg(OX(1)|Xi), ai = cic1+c2 , then
P (E, n) = (c1r1 + c2r2)n+ χ(E), rk(E) = a1r1 + a2r2.
Definition 1.1. A sheaf E on X is called semistable (resp. stable) if, for any
subsheaf E1 ⊂ E, one has
χ(E1) ≤ (resp. <) χ(E)
rk(E)
· rk(E).
The moduli functor U ♮X : (C− schemes)→ (sets) was defined as
U ♮X(S) =
{OS-flat semistable sheaves E on X × S
of rank r and χ(E|X×{s}) = χ for any s ∈ S
}
DEGENERATION OF SL(n)-BUNDLES ON A REDUCIBLE CURVE 3
and it is known that there exists a projective scheme UX , which universally corep-
resents the functor U ♮X .
For any integer N and polynomial P (n) = r(c1+c2)n+χ, letW = OX(−N)P (N)
and WS = OX×S(−N)P (N). Recall that QuotP (n)(W) is Grothendieck quotient
scheme, whose S-valued points may be described as the set of quotients
WS ։ F
on X × S, where F is flat over S and its Hilbert polynomial is P (n). Let Rss ⊂
QuotP (n)(W) (resp. Rs) be the open set where the sheaf F is semistable (resp.
stable) and WS ։ F induces an isomorphism H0(WS(N)) ∼= H0(F (N)). Since the
set of semistable sheaves with fixed Hilbert polynomial is bounded, we can assume
that N is chosen large enough so that: every semistable sheaf with Hilbert polyno-
mial P (n) appears as a point in Rss. The group SL(P (N)) acts on QuotP (n)(W)
and thus on Rss. The moduli space UX was constructed as a good quotient
UX = Rss//SL(P (N)).
More precisely, the following were known (See [Si] for the more general results)
Theorem 1.2. ([Se], [Si]) Let UX = Rss//SL(P (N)) be the good quotient. Then
(1) There exists a natural transformation U ♮X → UX such that UX universally
corepresents U ♮X .
(2) UX is projective, and its geometric points are
UX(C) =
{
s-equivalent classes of semistable
sheaves of rank r and degree d
}
.
(3) There is an open subset UsX ⊂ UX , with inverse image equal to Rs, whose
points represent isomorphism classes of stable sheaves. Locally in the e´tale
topology on UsX , there exists a universal sheaf Euniv such that if E ∈ U ♮X(S)
whose fibres Es are stable, then the pull-back of Euniv via S → UsX is iso-
morphic to E after tensoring with the pull-back of a line bundle on S.
Let R0 ⊂ Rss be the dense open set of locally free sheaves. For each F ∈ R0,
let F1 = F |X1 , F2 = F |X2 , we have χ(F1) + χ(F2) = χ+ r and (by semistability)
(1.1) a1χ ≤ χ(F1) ≤ a1χ+ r, a2χ ≤ χ(F2) ≤ a2χ+ r.
Thus R0 is the disjoint union of Rχ1,χ20 = {F ∈ R0| χ(F |Xi) = χi} where χ1+χ2 =
χ+ r satisfying (1.1). Let Rχ1,χ2 be the Zariski closure of Rχ1,χ20 in Rss, then
Rss =
⋃
χ1,χ2
Rχ1,χ2
has at most r+1 irreducible components. Let UXi be the moduli space of semistable
vector bundles Fi of rank r and χ(Fi) = χi. It was known that for all possible choices
of χ1, χ2 satisfying (1.1), Rχ1,χ2 is not empty if UX1 and UX2 are not empty.
UX =
⋃
χ1,χ2
Uχ1,χ2 =
⋃
χ1,χ2
Rχ1,χ2//SL(P (N))
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has ♯{(χ1, χ2)} irreducible components.
Let L0 be a line bundle of degree d on X , we define a subfunctor SU ♮X of U ♮X by
SU ♮X(S) =
{OS-flat semistable sheaves E on X × S of rank r satisfying
det(E|X0S ) = p∗X(L0)|X0S and χ(E|X×{s}) = χ for any s ∈ S
}
We will prove that there exists a closed subscheme SUX ⊂ UX which is reduced,
and universally corepresents the moduli functor SU ♮X . To do that, we first prove
that the local deformation functor of it is pro-representable. Let Λ be the category of
Artinian local C-algebras. Morphisms in Λ are local homomorphisms of C-algebras.
For any A ∈ Λ, we denote X × Spec(A) (resp. X0 × Spec(A)) by XA (resp. X0A).
At any point e0 = (W ։ E0) of the Quot scheme QuotP (n)(W), we have the local
deformation functor
G(A) = {A-flat quotients (WA ։ E), with χ(E(n)) = P (n)}
such that G(C) = {e0}. It is well known that OˆQuot,e0 pro-represents G. Let L0 be
a fixed line bundle on X such that det(E0|X0) = L0|X0 . We can define a subfunctor
of G by
F (A) = {(WA ։ E) ∈ G(A) | det(E|X0
A
) = p∗X0L0},
where pX0 (resp. pX , pA) denotes the projection to X
0 (resp. X , Spec(A)).
Proposition 1.3. The functor F is pro-representable.
Proof. Let A1 → A and A2 → A be morphisms in Λ, and consider the map
(1.2) F (A1 ×A A2)→ F (A1)×F (A) F (A2).
By Theorem 2.11 of [Sc], it is enough to show that the map (1.2) is bijective when
A2 → A is a small extension and the tangent space tF is a finite dimensional vector
space. But the bijectivity of (1.2) implies that tF has a vector space structure
compatible with that of tG (See Remark 2.13 of [Sc]). Thus dimC(tF ) <∞ and we
only need to check the bijectivity of (1.2).
Let (WA1 ։ E1) ∈ F (A1), (WA ։ E) ∈ F (A) (WA2 ։ E2) ∈ F (A2) such
that the restriction morphisms E1
u1−→ E, E2 u2−→ E induce isomorphisms
(WA1 ։ E1)|XA ∼= (WA ։ E), (WA2 ։ E2)|XA ∼= (WA ։ E).
Let B = A1×AA2, then, since G is pro-representable, there exists a unique (WB ։
E) ∈ G(B) such that
(WB ։ E)|XA1 ∼= (WA1 ։ E1), (WB ։ E)|XA2 ∼= (WA2 ։ E2),
where ∼= means equality as points of Quot scheme. In particular, there exist mor-
phism E q1−→ E1, E q2−→ E2 such that u1 · q1 = u2 · q2 and q1, q2 induce isomorphisms
E|XA1 ∼= E1, E|XA2 ∼= E2. By restricting everything to X0B and taking wedge
product, we have (for i = 1, 2)
det(E0) det(q
0
i )−−−−→ det(E0i ), det(E0i )
det(u0i )−−−−→ det(E0)
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satisfying det(u01) · det(q01) = det(u02) · det(q02). Thus, by Corollary 3.6 of [Sc],
det(E0) ∼= det(E01)×det(E0) det(E02).
To prove that det(E0) ∼= p∗X0(L), we imitate the arguments of uniqueness in the
proof of Proposition 3.2. Since p∗X0(L)|X0Ai
∼= det(E0i ), we have morphisms
p∗X0(L)
p1−→ det(E01), p∗X0(L)
p2−→ det(E02)
which induce the isomorphisms and thus a commutative diagram
det(E02)
det(u0
2
)−−−−→ det(E0)
p2
x
p∗X0(L) θ
x
p1
y
det(E01)
det(u0
1
)−−−−→ det(E0)
where θ is an automorphism of det(E0). If there exists a morphism
det(E02)
θ2−→ det(E02)
such that
det(E02)
θ2−−−−→ det(E02)
det(u0
2
)
y det(u02)y
det(E0)
θ−−−−→ det(E0)
is commutative, then θ2 has to be an isomorphism (since A2 → A is a small exten-
sion) by Lemma 3.3 of [Sc]. Thus we can modify the morphism p∗X0(L)
p2−→ det(E02)
to
p˜2 : p
∗
X0(L)
p2−→ det(E02)
θ−1
2−−→ det(E02),
so that det(u01) · p1 = det(u02) · p˜2. Thus det(E0) ∼= p∗X0(L) and we are done if the
lift of θ is always possible. But this is equivalent to the surjectivity of the canonical
map
H0(X0A2 ,OX0A2 )→ H
0(X0A,OX0A),
which is true since for any finite dimensional C-algebra A, we have
H0(X0A,OX0A) = H0(X0,OX0)⊗C A.
For any point e0 = (W ։ E0), we observe that F has the same singularity with
G at e0. To see it, we define a functor T : Λ→ Set by
T (A) = {Isomorphism classes of A-flat torsion free (OX,x0 ⊗ A)-modules}
such that T (C) = {E0⊗OX,x0}. There is a morphism of functors φ : G→ T defined
by
φ((W ։ EA)) = EA ⊗ (OX,x0 ⊗ A).
It is known that φ is formally smooth (See Theorem 4.1 of [F2], or Proposition (4.1)
of [NS]). Here we remark that its restriction to the subfunctor F is also formally
smooth.
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Lemma 1.4. The morphism φ : F → T is formally smooth.
Proof. Let B → A be a small extension, one need to check the surjectivity of
F (B)→ F (A)×T (A) T (B).
For any (WA ։ EA) ∈ F (A) and N ∈ T (B) satisfying EA ⊗ (OX,x0 ⊗ A) ∼=
N ⊗B A, we can find an open cover of X consists two affine sets U1, U2 such that
x0 ∈ U2 r U1 and U1 ⊗ Spec(A), (U2 r {x0}) ⊗ Spec(A) trivializing the vector
bundle E0A := EA|X0A (See Proposition (4.1) of [NS]). Thus the gluing data of E0A is
a matrixM ∈ GL(OX(U1∩U2)⊗A) and EA is obtained by gluing E0A and N⊗BA.
Then the lift EB ∈ F (B) was obtained by lifting the gluing data (See Proposition
(4.1) of [NS]). Since SL(OX(U1 ∩ U2)⊗B)→ SL(OX(U1 ∩ U2)⊗ A) is surjective,
it is clear that we can choose a lift M˜ ∈ GL(OX(U1 ∩U2)⊗B) of M such that the
resulting sheaf EB ∈ F (B). This proves the lemma.
Corollary 1.5. The functor F is pro-represented by a reduced semi-normal com-
plete local C-algebra.
Proof. This follows Lemma 1.4 and the study of functor T in [F2] and [Se].
To construct the closed subscheme SUX , which will universally corepresent the
moduli functor SU ♮X , we recall some constructions in [S1] and [S2]. Let π : X˜ → X
be the normalization of X and π−1(x0) = {x1, x2}, then X˜ is a disjoint union of
X1 and X2 (we will identify x1, x2 with x0 when we work on X). A GPB (E,Q) of
rank r on X˜ is a vector bundle E of rank r on X˜ (its restriction to Xi is denoted by
Ei), together with a quotient Ex1 ⊕Ex2 → Q of dimension r. We have constructed
the moduli space
P :=
∐
χ1+χ2=χ+r
Pχ1,χ2
of s-equivalence classes of semistable GPB (E,Q) on X˜ of rank r and χ(E) = χ+ r
(See [S2]), where Pχ1,χ2 = {(E,Q) ∈ P |χ(Ei) = χi} and χ1, χ2 satisfy (1.1). There
are also finite morphisms (See [S2])
φχ1,χ2 : Pχ1,χ2 → Uχ1,χ2X ⊂ UX
such that φ =
∐
φχ1,χ2 : P → UX is the normalization of UX . The morphism φ is
defined such that φ([(E,Q)]) := F satisfies the exact sequence
0→ F → π∗E → x0Q→ 0.
A straightforward generalization of Lemma 5.7 in [S1] shows that there exists a
morphism
Det : Pχ1,χ2 → Jχ1−r(1−g1)X1 × J
χ2−r(1−g2)
X2
such that Det([(E,Q)]) = (det(E1), det(E2)). Let Li = L0|Xi (i = 1, 2) and
L1(n1) := L1 ⊗OX1(n1x1), L2(n2) := L2 ⊗OX2(n2x2),
where ni = χi − r(1− gi)− deg(Li). We have the closed subschemes
Pn1,n2χ1,χ2 := Det−1((L1(n1), L2(n2)),
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where n1, n2 are determined uniquely by χ1, χ2 satisfying (1.1) since L0 was fixed.
Thus we denote the closed subsets φχ1,χ2(Pn1,n2χ1,χ2 ) ⊂ Uχ1,χ2X by SUχ1,χ2X , and define
SUX to be the closed subset ⋃
χ1+χ2=χ+r
SUχ1,χ2X ⊂ UX
with the reduced scheme structure. Then we have
Theorem 1.6. Let SUX be the closed subscheme of UX defined above. Then
(1) The natural transformation in Theorem 1.2 induces a transformation
SU ♮X → SUX
such that SUX universally corepresents SU ♮X .
(2) SUX is a projective, seminormal variety of dimension (r2 − 1)(g − 1). The
number of irreducible components of SUX is the same with that of UX , and
its geometric points are
SUX(C) =
{
s-equivalent classes of semistable sheaves E
of rank r and degree d with det(E|X0) = L0|X0
}
.
(3) There is an open subset SUsX ⊂ SUX whose points represent isomorphism
classes of stable sheaves with fixed determinant L0 on X0 = X\{x0}. Locally
in the e´tale topology on SUsX , there exists a universal sheaf Euniv such that
if E ∈ SU ♮X(S) whose fibres Es are stable, then the pull-back of Euniv via
S → SUsX is isomorphic to E after tensoring with the pull-back of a line
bundle on S.
Proof. Firstly, it is easy to check (2). In fact, the projectivity and the number
of components follow from the construction of SUX . The semi-normality of SUX
follows from Corollary 1.5. To show that the set SUX(C) consists of the sheaves
F satisfying det(F |X0) = L0|X0 , we only need a fact that any line bundles L1,
L2 on a smooth projective curve Y satisfy L1|Y \{y} = L2|Y \{y} if and only if
L1 = L2 ⊗OY (ky) for some integer k.
To prove (1), let G be the functor represented by Rss and F be the subfunctor
defined by F (S) = {(WS ։ E) ∈ G(S) | det(E|X0S) = p∗X0L0}. Let Z ⊂ Rss be the
inverse image of SUX and IZ denote the ideal sheaf of Z. It is enough to show that
for any (WS ։ E) ∈ F (S), the morphism ϕS : S → Rss factors through ϕS : S →
Z ⊂ Rss. Namely, one has to prove ϕ∗S(IZ) = 0, where ϕ∗S : ORss → ϕS∗OS . This
is a local problem, it is enough to show that for any s ∈ S the morphism
ϕS,s : Sˆ = Spec(OˆS,s)→ Rss
factors through Spec(OˆZ,ϕS(s)). By Proposition 1.3 and Corollary 1.5, there exists
a complete noetherian local C-algebra R and ξ = lim−→(ξn), where
ξn = (WSpec(R/mn) ։ En) ∈ F (Spec(R/mn)),
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pro-represents the local deformation functor of F at s. Thus
ϕS,s : Sˆ = Spec(OˆS,s)→ Rss
factors through f : Spec(R) → Rss, where the pullback f∗(WRss ։ Euniv) of the
universal quotient is ξ = lim−→(ξn), which is in fact an element of F (Spec(R)) in our
case (it is not true for general theory). Thus f = fξ : Spec(R) → Rss was given
by an element ξ ∈ F (Spec(R)). Now we can use Lemma 1.7 below, which implies
that f∗ξ (IZ) =
√
0, to prove that fξ (and thus ϕS,s) factors through Z since R is
reduced.
Having shown (1) and (2), the proof of claim (3) is the same with that of [Si].
Lemma 1.7. Let ξ ∈ F (S) and fξ : S → Rss be the induced morphism by ξ, then
fξ(℘) ∈ Z for any point ℘ ∈ S (including non-closed points).
Proof. Let ξ = (WS ։ F) ∈ F (S). When S is reduced, we have a stratification
S =
∐
Sa of S, where Sa := {s ∈ S|a(Fs) = a} are locally closed subschemes
(a(Fs) was defined by Fs ⊗ OˆX,x0 = Oˆ⊕a(Fs)X,x0 ⊕ mˆ
⊕(r−a(Fs))
x0 ), then using Lemma
2.7 of [S1] (for Sa) we get fξ(Sa) ⊂ Z. thus proves the lemma. For general S, we
use the flattening stratifications S =
∐
Si of Mumford (See Lecture 8 of [Mu]) such
that the sheaves used in the construction of Lemma 2.7 of [S1] are flat on Si, then
Lemma 2.7 goes through, thus the lemma is proved for general S.
§2 Degeneration of moduli space of semistable SL(r)-bundles
Let D be a complete discrete valuation ring with maximal idea mD = (t)D
and X → B = Spec(D) a flat family of proper connected curves. Assume that the
generic fibre Xη is smooth and the closed fibre X0 is the curve X discussed in Section
1. Fix a relative ample line bundle OX (1) on X such that OX (1)|X0 = OX(1).
Let WX = OX (−N)⊕P (N) and QuotP (n)(WX ) → B be the relative Grothendieck
quotient scheme. For any B-scheme S, we will write XS (resp. WXS ) for X ×B S
(resp. OX×BS(−N)⊕P (N)). Let RssX be the open set of semistable sheaves whose
quotient map induces isomorphism OP (N)S ∼= H0(E(N)). It is well-known that the
relative moduli space of semistable torsion free sheaves is the relative good quotient
RssX −−−−→ UX := RssX //SL(P (N))
f
y f˜y
B B
Let L be a line bundle on X such that L|X0 = L0 and Lη = L|Xη . Let
RssXη (Lη) ⊂ RssXη
be the closed subscheme of sheaves with fixed determinant Lη, and
SUXη := RssXη (Lη)//SL(P (N))
be the moduli space of semistable bundles on Xη with fixed determinant Lη. Let
(2.1) RssX (L) := RssXη (Lη) ⊂ RssX , SUX := SUXη ⊂ UX
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be the Zariski closure of RssXη (Lη) and SUXη in RssX and UX respectively. Then
SUX is the relative good quotient of RssX (L). We will prove that
f˜ : SUX → B
universally corepresents a moduli functor SU ♮X , which is defined as
SU ♮X (S) =
{OS-flat semistable sheaves E on XS := X ×B S of
rank r and degree d satisfying det(E|X0
S
) = p∗X0L
}
,
where X 0 := X \ {x0} and pX0 : X 0S := X 0 ×B S → X 0 denotes the projection.
Actually, we will prove that the functor
R♮X (L)(S) =
{OS-flat quotients (WXS ։ ES)
on XS such that ES ∈ SU ♮X (S).
}
is represented by the closed subscheme RssX (L) ⊂ RssX .
Lemma 2.1. The functor R♮X (L) is represented by the closed subscheme RssX (L) ⊂
RssX and the restriction of universal quotient on X ×B RssX .
Proof. For any (WXS ։ ES) ∈ R♮X (L)(S), there is a unique morphism
ϕS : S →RssX
such that pullback of the universal quotient (WXRss
X
։ EunivRss
X
) is (WXS ։ ES). It
is enough to show that ϕS is factorized through
S
ϕS−−−−→ RssX (L) −−−−→ RssXy fLy fy
B B B
This is true at the generic fibre, we only need to check the case when S is defined
over 0 ∈ B. In the proof of Theorem 1.6 (1), we have show that ϕS is factorized
through (note that we are at the case of X ×B S = X0 × S)
Z = {(W ։ E) ∈ RssX0 | det(E|X0) = p∗X0(L0)}.
Thus the lemma follows the equality: f−1L (0) := RssX (L)0 = Z, which we will prove
in the next lemma.
Lemma 2.2. f−1L (0) := RssX (L)0 = Z.
Proof. We first prove that RssX (L)0 ⊂ Z. Let ξ0 = (W ։ E0) ∈ RssX (L)0, we need
to show that det(E0|X0) = p∗X0(L0).
By the definition of RssX (L), there exists a complete discrete valuation ring D˜
dominant D, and a morphism T := Spec(D˜)
ϕ−→ RssX (L) over B such that
ϕ(η˜) ∈ RssXη (Lη), ϕ(0˜) = ξ0.
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Namely, there is a OT -flat torsion free sheaf E on X ×B T such that det(E|Xη) = Lη
and E|X0 = E0.
Let ̟ : X˜T → XT be the desingularization of XT at x0. The exceptional divisor
̟−1(x0) =
∑
Ei is a chain of (−2)-curves, and the special fibre X˜0 of X˜T → T at
0˜ is X1 +X2 +
∑
Ei, and X1 ∩ (X2 +
∑
Ei) = {x1}, X2 ∩ (X1 +
∑
Ei) = {x2}.
Identifying X˜T \̟−1(x0) ∼= XT \ {x0} = X 0T , we can extend det(E|X0T ) into a line
bundle det(E|X0
T
) on X˜T , which satisfies that (̟∗p∗XL)|X˜η = det(E|X0T )|X˜η . Thus
one has
det(E|X0
T
) = (̟∗p∗XL)⊗OX˜T (V ),
where V $ X˜0 is a vertical divisor. Since OX˜T (X˜0) is trivial, there are integers n1,
n2 such that OX˜T (V )|X1 = OX1(n1x1), OX˜T (V )|X2 = OX2(n2x2). Hence
det(E0|X0) = det(E|X0T )|X0 = det(E|X0T )|X0 = p∗X0(L0).
We are left to prove Z ⊂ RssX (L)0. Since the locus R0 ⊂ f−1(0) = RssX0 of locally
free sheaves is a dense open subset of RssX0 , we only need to check that
R0 ∩ Z ⊂ RssX (L)0
Let ξ0 = (W ։ E0) ∈ R0 ∩ Z, then E0 is a vector bundle on X0 = X and
det(E0|X0) = p∗X0(L0), which implies that (for i = 1, 2)
det(E0)|Xi = det(E0|Xi) = L0|Xi ⊗OXi(nix0), n1 + n2 = 0.
Let L˜ = L⊗OX (X1+(n1+1)X2) and L˜0 = L˜|X0 . Then, since OX (X1+X2) ∼= OX ,
we have OX (X1 + (n1 + 1)X2)|Xi = OXi(nix0) and L˜0|Xi = det(E0)|Xi , which
implies that
det(E0) = L˜0 = L˜|X0 .
Let di = deg(E0|Xi) and JdiXi (i = 1, 2) be the Jacobian variety of line bundles of
degree di on Xi. Let J(Xη) be the Jacobian varirty of line bundles of degree d on
Xη. Then J(Xη) can be compactified into a relative Jacobian variety
J(X )→ B
such that its special fibre J(X )0 = Jd1X1 × Jd2X2 (Otherwise, we can modify J(X )
through an isomorphism by tensoring a suitable line bundle OX (k1X1 + k2X2) on
X ). Let R0X ⊂ RssX be the locus of locally free sheaves. By taking determinant, we
have a morphism
Det : R0X \
⋃
χi 6=di+r(1−gi)
Rχ1,χ20 → J(X ).
The line bundle L˜ on X gives a section σ : B → J(X ) such that σ(0) = σ(B) ∩
J(X )0. Let Rσ := Det−1(σ(B))→ B and Eσ = Euniv|X×BRσ . Then
det(Eσ) = p∗X (L˜)⊗ p∗Rσ (K)
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for some line bundle K on Rσ, and ξ0 ∈ Rσ. Thus, for any open set ξ0 ∈ U such
that K is trivial on U → B, we have U ∩ RssX (Lη) 6= ∅. Thus
ξ0 ∈ RssX (Lη),
which proves the lemma.
Let ΛX be the category of Artinian local D−algebras. For any point
e = (W ։ E0) ∈ RssX (L)0,
let FX : ΛX → Set denote the local deformation functor of RssX (L) at e. Similarly,
we define a functor TX : Λ→ Set by
TX (A) = {Isomorphism classes of A-flat torsion free (OX,x0 ⊗D A)-modules}
such that T (C) = {E0 ⊗OX,x0}. There is a morphism of functors
φ : FX → TX
defined by φ((WX ։ EXA)) = EXA ⊗ (OX ,x0 ⊗D A). Similar with Lemma 1.4, we
have
Lemma 2.3. The morphism φ : FX → TX is formally smooth.
Proof. The same arguments with Lemma 1.4, we just remark an easy fact: Let B
be a flat D-algebra and M be a B-module, flat over D. Assume that M ⊗D D/m
is a free B/mB-module. Then M is a free B-module.
Let X = (xij)(r−a)×(r−a) and Y = (yij)(r−a)×(r−a) be the (r − a) × (r − a)
matrics, and
Z = Spec D[X,Y]
(X ·Y − t,Y ·X− t) .
Let 0 ∈ Z be the point defined by the idea (X,Y, t)OZ . Then we have
Lemma 2.4. Let e = (W ։ E0) ∈ RssX (L)0 such that a(E0) = a. Then there exist
ℓ1 and ℓ2 such that
OˆRss
X
(L),e[[u1, · · · , uℓ1 ]] ∼= OˆZ,0[[v1, · · · , vℓ2 ]].
In particular, when X is regular, RssX (L) is regular.
Proof. This is the consequence of Lemma 2.3 and the results of [F2] and [NS].
Theorem 2.5. Let X → B be a regular scheme with closed fibre X0 = X and
a fixed relative ample line bundle OX (1). Let L be a line bundle on X such that
L|X0 = L0 and let f˜ : SUX → B be defined as (2.1). Then
(1) There is a natural transformation SU ♮X → SUX such that f˜ : SUX → B
universally corepresents SU ♮X .
(2) f˜ : SUX → B is a flat family of projective varieties of dimension (r2 −
1)(g−1), whose general fibres f˜−1(b) are moduli spaces SUXb) of semistable
vector bundles of rank r and degree d with fixed determinant Lb = L|Xb , and
its closed fibre f˜−1(0) is the variety SUX in Theorem 1.6.
(3) The scheme SUX is normal with only rational singularities, and the locus
SUsX of stable sheaves is smooth.
Proof. (1) follows from Lemma 2.1 and the same arguments of [Si]. (2) is clear. (3)
follows from Lemma 2.4 and general theorems in GIT.
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